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We obtain some multiple integral average conditions for oscillation and nonoscil-
lation of the first order nonautonomous delay equations. Our theorems improve
several previous well-known results. Q 1998 Academic Press
1. INTRODUCTION
We are concerned with delay differential equations of the form
xX t q q t x t y T t s 0 1 .  .  .  . .
or
n
Xx t q q t x t y T t s 0, 2 .  .  .  . . i i
is1
 .  .  .  . w . w ..  .where q t , q t , T t , T t g C t , q` , 0, q` , t y T t ª q`, andi i 0
 .t y T t ª q` as t ª q`, i s 1, 2, . . . , n.i
 .  .As is customary, a solution of 1 or 2 is said to be oscillatory if it has
 .  .arbitrarily large zeros. Equation 1 or 2 is said to be oscillatory if all its
solutions are oscillatory. In the sequel, for convenience we shall assume
that inequalities and equations about values of functions are satisfied
eventually for all large t.
For convenience, we denote
s t s t y T t 3 .  .  .
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and
d t s max s y T s . 4 4 .  .  .
t FsFt0
 .  .  .Note that d t is nondecreasing and d t G s t .
 .Two well-known oscillation criteria for 1 are, respectively,
t
lim inf q s ds ) 1re 5 .  .H
tª`  .s t
or equivalently
t
lim inf q s ds ) 1re, 6 .  .H
tª`  .d t
 .  4and s t is nondecreasing, and there is a sequence t , n G 1, withn
t ª `, as n ª `, such thatn
tn q s ds G 1. 7 .  .H
 .s tn
w x  . w xSee 4, 10 . Here 7 is a slightly modified version of Theorem 2.1.3 in 4 .
w xKwong 8 considered the case when
t
lim inf q s ds s k F 1re 8 .  .H
tª`  .s t
 .  .  .and proved that 1 is oscillation if 8 holds, s t is nondecreasing, and
ln l q 1t
lim sup q s ds ) , 9 .  .H
l .s ttª`
where l is the smaller solution of the transcendental equation
l s elk . 10 .
w x  .However, as shown in the table in 8 , this improvement over 5 is not very
much, especially when k is small.
 .Some sufficient conditions for oscillation of 2 , which are in some
 .manner extensions of 5 , have been established. For example, see papers
w x w xby Ladas and Stavroulakis 1 , and by Arino, Gyori, and Jawhari 2 , inÈ
which they considered equations with positive constant delays. In a differ-
ent direction, some authors have used the generalized characteristic equa-
 . w xtions to study the oscillation of 2 . In 3 , Hunt and Yorke conjectured
that if
n1
lT  t .ilim inf inf q t e ) 1 11 .  . i 5ltª` l)0 is1
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and there exist q and T such that for i s 1, 2, . . . , n,0 0
0 F q t F q , 0 F T t F T , 12 .  .  .i 0 i 0
 . w xthen 2 is oscillatory. It was confirmed independently by Cheng 6 , Chen
w x w x  .  .and Huang 7 , and also by Kwong 8 . In fact, 11 and 12 imply that
 .  4there exists an « ) 0 such that for each large t, there is i t g 1, 2, 3, . . . n
satisfying
q t ) « , and T t ) « . 13 .  .  .i i
 .Note that condition 11 is basically an extension of the statement that the
characteristic equation of an autonomous delay equation has no real roots.
w x  .Erbe and Kong 9 established that 2 is oscillatory if for i s 1, 2, . . . , n
and all m ) 0
n1  .tqT ti mT  s.ilim inf q s e ds ) 1 14 .  . H imT ttª`  . ti is1
 .  w x  .provided 13 is satisfied in 9 , they used the condition 12 , but from
 ..  .their argument, it should be replaced by 13 . Condition 14 greatly
 .  .improves condition 11 , since in 14 the ``integral average'' of functions
are used, instead of the functions themselves.
w x w x w xRecently, Li 12 , Li and Kuang 13 , and Li 14 have obtained some
 .  .  .infinite integral conditions for oscillation of 1 and 2 . We proved that 1
is oscillatory if for large t,
1t
q s ds G 15 .  .H e .d t
and
` 1t
q t q s ds y dt s q`, 16 .  .  .H H e .0 d t
 . tqt  .or if T t s t , a positive constant, H q s ds ) 0 for t G t for somet 0
t ) 0, and0
` tqt
q t ln e q s ds dt s q`. 17 .  .  .H H /t t0
t  .Roughly speaking, we were able to allow H q s ds to reach the value 1red  t .
at q` from the above providing that it does it slowly enough, and even
t  .  .allow H q s ds to oscillate around 1re if the delay T t is a positived  t .
 .constant. However, it seems difficult to extend these results to 2 in some
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 . n  . lTi t .4way so that the function inf 1rl  q t e can be utilized. For al) 0 is1 i
 .  .recent result relevant to 15 and 16 , the reader is referred to Elbert and
w xStavroulakis 11 .
In this paper, we use a new method based on certain iterative processes
 .to obtain some multiple integral average conditions for oscillation of 1
 .and 2 . In Section 2, we present two useful lemmas. In Section 3, we give a
 .multiple integral average oscillation criterion for 1 which greatly im-
 .  .  .proves 5 or 6 . In Section 5, we establish some oscillation criteria for 2
w xin the direction of the work in 9 , which contain a multiple integral
 .  .average condition that is much better than 11 and 14 . In addition, we
 .provide a new nonoscillation result for 2 .
2. SOME LEMMAS
In this section we present two lemmas which will be used in the proofs
of our main results given in Section 3 and Section 4. The first lemma is
interesting in its own right.
 . w .  ..  . w . w ..LEMMA 1. Let f t g C a, q` , 0, q` , r t g C a, q` , b, q` ,
 .  .  .r t F t for t G a, and lim r t s `. If for any t G a there exists j t gt ª`
w  . xr t , t such that
f t G a f j t , 18 .  .  . .
 .where a is a constant and a ) 1, then lim f t exists, andt ª`
lim f t s q`. .
tª`
 .  .Proof. Note that 18 implies r t - t, for t G a. For t G a, define
R t s inf s ¬ r s G t . 4 .  .
 . k .  ky1 .. 0 .Then R t G t. Denote R t s R R t for k s 2, 3, . . . , and R t s
 . k .t. It follows from 18 that for t G R a , k G 1,
f t G a f t , 19 .  .  .1
ky1 .  .where R a F r t F t F t. We claim that this is true for some t g1 1
w ky1 . k ..  . w k . xR a , R a . Otherwise, by 18 , there are infinite many s g R a , t ,i
i s 1, 2, 3, . . . , such that
f t G a f s G a 2 f s G ??? G a i f s G ??? .  .  .  .1 2 i
 .kfor all i. Let b s min f s . Then b ) 0 andsgw R a., t x
f t G a ib .
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for all i G 1, which is impossible. Now using this claim and repeatedly
 . k .using 19 , we find that for t G R a , k s 1, 2, . . .
f t G a k m , .
 .  .where m s min f s ) 0. This shows lim f t s q`. The proofsgw a, Ra.x t ª`
is complete.
 .  .LEMMA 2. Let s t be nondecreasing, and x t be an e¨entually positi¨ e
solution of the inequality
xX t q q t x s t F 0. 20 .  .  .  . .
t  .If lim sup H q s ds ) 0, thent ª` s  t .
x s t . .
lim inf - q`. 21 .
x ttª`  .
w xThe proof of this lemma is very similar to that of Lemma 1 in 14 . So we
omit it here.
3. EQUATIONS WITH A SINGLE DELAY
Denote
s st 1 ky1kI q t , r t s q s q s ??? q s ds . . . ds . 22 .  .  .  .  .  . . H H H1 2 k k 1
 .  .  .r t r s r s1 ky1
Our main goal in this section is to establish the following result.
THEOREM 1. If for some k G 1
1
klim inf I q t , d t ) , 23 .  .  . . ketª`
 .then 1 is oscillatory.
Proof. Assume the contrary. Without loss of generality, we may assume
 .  .that 1 has an eventually positive nonincreasing solution x t . Since
 .  .  .d t G s t , x t satisfies
xX t q q t x d t F 0. 24 .  .  .  . .
 .   ..  .  .Let w t s x d t rx t . Then w t G 1, and
t
w t G exp q s w s ds . .  .  .H 1 1 1 / .d t
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Using the fact that ec G ec, c ) 0 yields
t
w t G e q s w s ds . .  .  .H 1 1 1
 .d t
By induction,
s st 1 ky1kw t G e q s q s ??? q s w s ds . . . ds . .  .  .  .  .H H H1 2 k k k 1
 .  .  .d t d s d s1 ky1
Using the mean value theorem, we find
k kw t G e I q t , d t w j t , .  .  .  . .  .
 . w k . x k .  ky1 ..where j t g d t , t , and d t s d d t for k s 2, 3, . . . . By con-
 .dition 23 , there exists c ) 1 such that for t sufficiently large
w t G cw j t . .  . .
k .Since d t ª q`, as t ª q`, by Lemma 1,
lim w t s q`. .
tªq`
 .On the other hand, 23 implies
t
lim sup q s ds G 1re. .H
 .d ttª`
 .Then by Lemma 2, lim inf w t - q`. This is a contradiction and thet ª`
proof is complete.
 .  .Apparently, Theorem 1 improves condition 5 or 6 . The following
example indicates that this improvement is significant.
EXAMPLE 1. Consider the equation
xX t q a q b sin p t x t y 1 s 0, 25 .  .  .  .
 . t  .where a s 0.5 and b s 0.38. Let q t s a q b sin p t. Then H q s dsty1 1 1
 . 1  . .s a y 2brp cos p t, lim inf I q t , 1 s a y 2brp f 0.2581 - 1ret ª`
1  . .f 0.3679, and lim sup I q t , 1 s a q 2brp f 0.7491. One can checkt ª`
 . 3  . . 3 2 2  2that 9 is not satisfied. However, I q t , 1 s a y 2 ab rp y 2 a br
3.w 2 . x 3  . . 3p p y 4 cos p t q 2p sin p t , and lim inf I q t , 1 s a yt ª`
22 3 2 2 3’ .w x2 a brp p q p y 4 q 4p f 0.070326 ) 1re f 0.049787. .
 .Hence by Theorem 1, 25 is oscillatory.
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One may want to use the better condition
1
klim inf I q t , s t ) 26 .  .  . . ketª`
 .for some k G 1, to replace 23 . In this case, we need some further
 .  .assumptions on s t and q t .
 .THEOREM 2. Let 26 hold. Suppose that there exist d ) 0, t G 0,k
  . .  .  .t ª ` as k ª `, and j g s t , t such that s j G s s for s gk k k k k
w  . x  .  . w xs t , j , s t G s s for s g j , t , andk k k k k
j tk kq s ds ) d , and q s ds ) d. .  .H H
 .s t jk k
 .Then 1 is oscillatory.
 .  .The conditions of this theorem, except 26 , actually ensure 21 to be
 .  .true if x t is an eventually positive solution of 1 . For the correctness of
w xthis statement, the reader is referred to the proof of Lemma 1 in 14 . The
proof of Theorem 2 is essentially the same as that of Theorem 1, so we
omit it here.
It is known that if
t
lim sup q s ds - 1re 27 .  .H
 .s ttª`
or
lim sup I 1 q t , s t - 1re, 28 .  .  . .
tª`
 .  w x.then 1 has a positive solution see 4 . So the question of interest
becomes: Is
1
klim sup I q t , s t - 29 .  .  . . ketª`
 .for k G 2, a sufficient condition for 1 to have a positive solution? The
following example gives a negative answer to this question.
EXAMPLE 2. Consider the equation
xX t q q t x t y 2 s 0, 30 .  .  .  .
where
¡ k k kw xt y 10 q 1, if t g 10 y 1, 10
k k k~ w xq t s yt q 10 q 1, if t g 10 , 10 q 1 , . ¢ k kw x0, if t g 10 y 1, 10 q 1 ,
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6  . .and k s 1, 2, . . . . One can check that lim sup I q t , 2 s 23r11520t ª`
6  . 10 kq1  .  .k- 1re . On the other hand, since q s G 0 and H q s ds s 1, by 7 ,10 y1
 .30 is oscillatory.
4. EQUATIONS WITH SEVERAL DELAYS
 .In this section we obtain oscillation and nonoscillation criteria for 2 .
Before presenting the results, we need some definitions and notation.
 .  .Let f t and r t be continuous for all large t. Define
1 t
f s ds s f t , if r t s 0, .  .  .Hr t .  .tyr t
and
n mT  s.i1 q s e .t i
F t , f s s min min f s ds . 31 .  .  . .  H 5 /T t m1FjFn m)0  .  .tyT tj jis1
1 .   .. k .  ky1 ..Denote F t, f s F t, f s , and F t, f s F t, F s, f for k G 2.
The first result in this section is the following theorem.
 .THEOREM 3. Let 13 hold. If for some k G 1,
lim inf F k t , 1 ) 1, 32 .  .
tª`
 .then 2 is oscillatory.
 .Proof. Assume the contrary. Then 2 may have an eventually positive
 .  . X .  .  .solution x t . Let l t s yx t rx t . Then l t is nonnegative and con-
tinuous, and satisfies the generalized characteristic equation
n
t
l t s q t exp l s ds . 33 .  .  .  . Hi  / .tyT tiis1
Let
1 t
w t s min l s ds . .  .H 5T t1FiFn  .  .tyT ti i
Then
n
l t s q t exp T t w t . 34 .  .  .  .  . . i i
is1
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 .  .Since 32 implies w t ) 0, we have
n n mT  t .iexp T t w t q t e .  .  . .i i
l t G q t w t G min w t . .  .  .  . i  5w t mm)0 .is1 is1
Then for j s 1, 2, . . . , n,
n mT  s.i1 1 q s e .t t i
l s ds G min w s ds. .  .H H  5T t T t mm)0 .  . .  .tyT t tyT tj jj j is1
It follows that for j s 1, 2, . . . , n,
1 t
l s ds .HT t .  .tyT tj j
n mT  s.i1 q s e .t iG min min w s ds .H 5 /T t m1FjFn m)0 .  .tyT tj j is1
and thus,
1 t
min l s ds .H 5T t1FjFn  .  .tyT tj j
n mT  s.i1 q s e .t iG min min w s ds .H 5 /T t m1FjFn m)0 .  .tyT tj j is1
which yields
w t G F t , w s . .  . .
By induction,
w t G F 1 t , w G F 2 t , w G ??? G F k t , w . .  .  .  .
Therefore
w t G F k t , 1 w j t , .  .  . .
  ..  .  . w k  . x  .kwhere w j t s min w s , j t g h t , t , h t ss g w h  t ., t x
  .4 j .  jy1 .. k .max T t , and h t s h h t for j s 2, 3, . . . , k. Since h t ª1F jF n j
 .` as t ª `, by 32 and Lemma 1,
lim w t s q`. 35 .  .
tª`
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c  .  .Using e G ec for c G 0, 13 , and 34 , we have
n
2l t G e q t T t w t G e« w t . .  .  .  .  . i i
is1
 .In view of this and 35 ,
lim l t s `. 36 .  .
tª`
 . X .  .Now from 13 we find that x t q « x t y « F 0 for large t. Integrating
w x  .this inequality over t, t q «r2 , we see that x t satisfies
x t y «r2 2 .
- ,2x t « .
or
2t
exp l s ds - 37 .  .H 2 / «ty«r2
 .  .which indicates lim inf l s - q`. This contradicts 36 and completest ª`
the proof.
 .Since the multiple integral average technique is involved, condition 32
 .  .  .greatly improves condition 11 . Note that conditions given in 32 and 14
are multiple ``backward'' integral average and single ``forward'' aver-
 .  .age conditions, respectively. It has been proven that conditions 11 ] 12
 .  w x.imply 31 see 6 . Therefore Theorem 3 substantially improves Hunt and
 .  .Yorke's conjecture. However, whether condition 12 , together with 32 or
 .  .14 , is sufficient for oscillation of 2 still remains open.
 .  .   .4THEOREM 4. Assume that 32 holds. Let T t s min T t be an0 1F iF n i
e¨entually nondecreasing function. If
lim inf T t ) 0, 38 .  .0
tª`
and
n
t
lim sup q s ds ) 0, 39 .  .H i
 .tyT ttª` 0 is1
 .then 2 is oscillatory.
 .  .Proof. Assume that 2 has an eventually positive solution x t . Let
 . X .  .l t s yx t rx t . By the same argument as in the proof of Theorem 4,
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 .  .  .we have 35 . It follows from 35 and 38 that for i s 1, 2, . . . , n
t
lim l s ds s ` .H
tª`  .tyT ti
which indicates
t
lim l s ds s ` .H
tª`  .tyT t0
or
x t y T t . .0
lim s `. 40 .
x ttª`  .
 .On the other hand, from 2 , we have
n
Xx t q q t x t y T t F 0. .  .  . . i 0
is1
 .By 39 and Lemma 2,
x t y T t . .0
lim inf - `.
x ttª`  .
 .This contradicts 40 and completes the proof.
Let
n 1 t
Q t , f s s min q s T s f s ds . .  .  .  . .  H i i 5T t1FjFn  .  .tyT tj jis1
1 .   .. k .  ky1 ..Denote Q t, f s Q t, f s and Q t, f s Q t, Q s, f for k G 2.
Using the fact ec G c for c G 0, we have the following explicit condi-
tions for oscillation from Theorem 4-5.
 .  .  .COROLLARY 1. Let 13 or 38 and 39 hold. If for some k G 1,
1
klim inf Q t , 1 ) , 41 .  .ketª`
 .then 2 is oscillatory.
w xThis corollary improves the main result in 3 .
EXAMPLE 3. Consider the equation
xX t q 0.445 q 0.4 sin t x t y 1 q 0.11125 q 0.1 cos t x t y 4 s 0. .  .  .  .  .
42 .
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 .  .  .Let I t s 0.445 q 0.4 sin t q 4 0.11125 q 0.1 cos t s 0.89 q
’ ’ .  .  .  .0.4 2 sin t q pr 4 , I t s 0.89 q 0.8 2 sin 1r2 sin t q pr4 y 1r2 ,1 ’ .  .  .and I t s 0.89 q 0.2 2 sin 2 sin t q pr4 y 2 . Then Q t, 1 s2
  .  .4  .min I t , I t and lim inf Q t, 1 f 0.347592 - 1re f 0.367879.1 2 t ª`
2  .Using graphing utilities, we see that lim inf Q t , 1 st ª `
t  .  . 2lim inf H I s I s ds f 0.139575 ) 1re f 0.135335. By Corollary 1,t ª` ty1 1
 .every solution of 42 oscillates.
 .We now present a nonoscillation result for 2 .
THEOREM 5. If there exists m ) 0, such that for large t0
n m T  s.0 i1 q s e .t i
max ds F 1, 43 . H 5T t m1FjFn  .  .tyT tj 0jis1
 .then 2 has a nonoscillatory solution.
 .Proof. Choose T sufficiently large such that 43 holds for t G T . Let0 0
  . 4T s inf t y T t , i s 1, 2, . . . , n . Definey1 t G T i0
l s m , 44 .0 0
and
n¡ t
q t exp l s ds , t G T .  . Hi ky1 0 / .tyT tiis1
n
m T  t .~ 0 il T q q t e .  .l t s . k 0 ik
is1
n
m T T .0 i 0 w xy q T e , t g T , T , . i 0 y1 0¢
is1
where k s 1, 2, . . . . It is easy to see
n
m T  t .0 il t s q t e , t G T . .  .1 i y1
is1
 .  .By using this, 43 , and 44 , we find that for j s 1, 2, . . . , n
n1 1t t
m T  s.0 il s ds s q s e ds F m . .  .H H1 i 0T t T t .  . .  .tyT t tyT tj jj j is1
Hence from the definition of l ,2
l t F l t , for t G T . .  .2 1 y1
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By induction for k s 1, 2, 3, . . .
0 F l t F l t F ??? F l t , t G T .  .  .k ky1 1 0
and
w xl t y l T F l t F ??? F l t , t g T , T . .  .  .  .1 1 k 1 y1 0
Then there exists a function
l t s lim l t for all t G T . .  .k y1
kª`
By Levi's Theorem, we have
n
t
l t s q t exp l s ds , t G T . .  .  . Hi 0 / .tyT tiis1
 .  t  . .  .  .Let x t s exp yH l s ds . Then x t is a positive solution of 2 onTy1
w .T , q` . The proof is complete.0
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